EE 221: Signal Analysis & Systems
Prof. Mohammed Hawa

Convolution: Practice Problems

Q1. For the signals x(t) = u(t) and y(t) = u(t), determine the
convolution result x(t) * y(t).

Q1. Solution.
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Region #1: For time-shift 7 < 0

[oe)

2(2) = x(t) * y(t) = j x(t) y(x — t) dt

z(1) = j 0)dt=0
Region #2: For time-shift 7 > 0 i

2(2) = x(t) * y(t) = j x(t) y(x — t) dt

z(1) = jrl dt=1[tlg =7



Full Solution (the ramp signal):
0, 7<0
2(1) = x(0) » y(©) = ramp(@) = Tu@ = {;’ .3 ¢

For an animation of the graphical solution, please watch the YouTube
video (https:/ /www.youtube.com/watch?v=Ge]7UAb2vVKk).

Q2. For the signals x(t) = u(t) and y(t) = rect (%), determine the
convolution result x(t) * y(t).

Q2. Solution. To perform the graphical solution, first draw x(t), y(t)
and then y(—t) as follows
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Region #1: For time-shift 7 < 1

e}

2(2) = x(t) * y(t) = j x(6) y(x — t) dt

Z(T)=foo(0)dt=0



Region #2: For time-shift 1 <7 < 3

[00]

2(2) = x(t) * y(t) = f x(6) y(z — ©) dt

-1
z(r)=f 1x1dt=1x1x[t]fl=17-1
0

Region #3: For time-shift r > 3

oo

2(2) = x(t) * y(t) = f x(6) y(z — ©) dt

-1
z(r)=j (Ix1D)dt=1x1x[t]iZ3 =2

-3

Full Solution (three regions):

0, <1
z(r)=x(t)*y(t)={r—1, 1<7<3
2, T=>3

For an animation of the graphical solution, please watch the YouTube
video (https://www.youtube.com/watch?v=Ge]7UAb2vVKk).



Q3. For the signals x(t) = 3e~*u(t) and y(t) = rect(t — 0.5), determine
the convolution result x(t) * y(t).

Q3. Solution. To perform the graphical solution, first draw x(t), y(t)
and then y(—t) as follows
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Region #1: For time-shift 7 < 0

o)

2(2) = x(t) * y(t) = j x(t) y(x — t) dt

Z(T)=foo(0)dt=0

Region #2: For time-shift 0 <t < 1

[oe)

2(2) = x(8) * y(t) = j x(t) y(x — t) dt

-t

T e T
Z(T)=f 3e tx1dt=3x —1] =3(1—-e™")
0 1o

Region #3: For time-shift7 > 1

e}

2(2) = x(t) * y(t) = j x(t) y(x — t) dt

e t1"
—] =3e T(el - 1)
-1

T
z(r)=f 3e tx1dt=3x
-1 -1




Full Solution (three regions):

0, T<0
z(t) = x(t) * y(t) ={3(1 —e™"), 0<t<1
3e7T(el—-1), =1

For an animation of the graphical solution, please watch the YouTube
video (https:/ /www.youtube.com/watch?v=Ge]7UAb2vVKk).

Q4. For the signals x(t) = t3u(t) and y(t) = t*u(t), determine the
convolution result x(t) * y(t).

Q4. Solution. To perform the graphical solution, first draw x(t), y(t)
and then y(—t) as follows
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Region #1: For time-shift 7 < 0
2(2) = x(6) * y(©) = f X(©) y(z — £) dt

z(r)=joo(0)dt=0



Region #2: For time-shift t > 0

[00]

2(2) = x(t) * y(t) = f x(6) y(z — ©) dt

th4+—27t5+t6 T8
4 5 6 o 60

z(r)=frt3x(7—t)2dt=[

Full Solution (two regions):

-6 0, <0
_ _ _ 6

For an animation of the graphical solution, please watch the YouTube
video (https:/ /www.youtube.com/watch?v=Ge]7UAb2vVKk).

Q5. For the signals x(t) = A(t) and y(t) = A(t), determine the
convolution result x(t) * y(t).

Q5. Solution. To perform the graphical solution, first draw x(t), y(t)
and then y(—t) as follows
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Region #1: For time-shift 7 < —2

[00]

2(2) = x(t) * y(t) = f x(6) y(z — ©) dt

z(1) = j 0)dt=0
Region #2: For time-shift -2 < 7 < -1
2(2) = x(8) * y(8) = f x(©) y(z — ) dt

T+1 1
z(r)=f (1+t)(1—t+r)dt=g(r+2)3
~1

Region #3: For time-shift -1 <7t <0
2(2) = x(8) * y(8) = f x(©) y(z — t) dt

T 0
z(r)=f (1+t)(1+t—r)dt+f 1+t)A—-t+1)dt
-1 T
+f A-t)A—-t+1)dt

1 1
=§(—T3 + 31+ 2) —gr(rz + 67+ 6)

Region #4: For time-shift 0 <t < 1

(0]

2(2) = x(8) * y(t) = j x(6) y(x — t) dt

z(r)=] (1+t)(1+t—r)dt+jr(1—t)(1+t—T)dt

1
+j Q- —-t+1)dt

1 1
=§(T3—3T+2)+ET(T2—6T+6)

Region #5: For time-shift 1 < 7 < 2

[00]

2(2) = x(t) * y(t) = f x(6) y(z — ©) dt

1 _
z(r)=f (1—t)(1+t—r)dt=?1(r—2)3
-1



Region #6: For time-shift T > 2

co

2(2) = x(£) * y(t) = j x(®) y(x — t) dt

Z(T)=foo(0)dt=0

Full Solution (two regions):

0, T< =2

1

E(T‘FZ)B. —2<t<-1

1 1
5(—T3+3T+2)—ET(T2+6T+6), -1<1t<0

z(t) = x(t) * y(t) =« 1 1

§(T3—37+2)+gr(72—6r+6), 0<t<1

-1
?(T—2)3, 1<1<?2

\ 0, T=>2

For an animation of the graphical solution, please watch the YouTube
video (https://www.youtube.com/watch?v=Ge]7UAb2vVKk).



